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Tangent spaes to metri spaes and to their
subspaes
O. Dovgoshey
Abstrat
We investigate a tangent spae at a point of a general metri spae
and metri spae valued derivatives. The onditions under whih two
dierent subspae of a metri spae have isometri tangent spaes in
a ommon point of these subspaes are ompletely determinated.
Mathematis Subjet Classiation (2000): 54E35.
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1 Introdution. Tangent metri spaes
The reent ahievements in the metri spae theory are losely related to
some generalizations of the dierentiation. The onept of the upper gradi-
ent [9,10,12℄, Cheeger's notion of dierentiability for Rademaher's theorem
in ertain metri measure spaes [5℄, the metri derivative in the studies
of metri spae valued funtions of bounded variation [1, 4℄ and the Lip-
shitz type approah in [8℄ are interesting and important examples of suh
generalizations. A very interesting tehnial tool to develop a theory of a
dierentiation in metri separable spaes is the fat that every separable
metri spae admits an isometri embedding into the dual spae of a sepa-
rable Banah spae. It provides a linear struture, and so a dierentiation,
for a separable metri spae, see for example a rather omplete theory of
retiable sets and urrents on metri spaes in [2, 3℄.
These generalizations of the dierentiability usually lead to nontrivial
results only for the assumption that metri spaes have suiently many
retiable urves. In almost all mentioned approahes we see that theories
of dierentiations in metri spaes involve an indued linear struture that
is able to use the lassial dierentiations in the linear normed spaes.
A new, intrini, notion of dierentiabililty for the mappings between
the general metri spaes was produed by O. Dovgoshey and O. Martio
in [7℄. A basi tehnial tool in [7℄ is a tangent spae to an arbitrary metri
spae X at a point a ∈ X that was dened as a fator spae of a family
of sequenes of points xn ∈ X whih onverge to a. This approah makes
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possible to dene a metri spae valued derivative of funtions f : X → Y,
X and Y are metri spaes, as a mapping between tangent spaes to X
at the point a and, respetively, to Y at the point f(a). The analysis of
general properties of tangent spaes and of metri spae valued derivatives
is the main purpose of the present paper.
Let (X, d) be a metri spae and let a be point of X . Fix some sequene
r˜ of positive real numbers rn whih tend to zero. In what follows this
sequene r˜ be alled a normalizing sequene. Let us denote by X˜ the set of
all sequenes of points from X .
Denition 1.1. Two sequenes x˜, y˜ ∈ X˜, x˜ = {xn}n∈N and y˜ = {yn}n∈N,
are mutually stable (with respet to a normalizing sequene r˜ = {rn}n∈N) if
there is a nite limit
lim
n→∞
d(xn, yn)
rn
:= d˜r˜(x˜, y˜) = d˜(x˜, y˜). (1.1)
We shall say that a family F˜ ⊆ X˜ is self-stable (w.r.t. a normalizing
sequene r˜) if every two x˜, y˜ ∈ F˜ are mutually stable. A family F˜ ⊆ X˜
is maximal self-stable if F˜ is self-stable and for an arbitrary z˜ ∈ X˜ either
z˜ ∈ F˜ or there is x˜ ∈ F˜ suh that x˜ and z˜ are not mutually stable.
A standard appliation of Zorn's Lemma leads to the following
Proposition 1.1. Let (X, d) be a metri spae and let a ∈ X. Then for
every normalizing sequene r˜ = {rn}n∈N there exists a maximal self-stable
family X˜a = X˜a,r˜ suh that a˜ := {a, a, . . . } ∈ X˜a.
Note that the ondition a˜ ∈ X˜a implies the equality
lim
n→∞
d(xn, a) = 0
for every x˜ = {xn}n∈N whih belongs to X˜a.
Consider a funtion d˜ : X˜a× X˜a → R where d˜(x˜, y˜) = d˜r˜(x˜, y˜) is dened
by (1.1). Obviously, d˜ is symmetri and nonnegative. Moreover, the triangle
inequality for d implies
d˜(x˜, y˜) ≤ d˜(x˜, z˜) + d˜(z˜, y˜)
for all x˜, y˜, z˜ from X˜a. Hene (X˜a, d˜) is a pseudometri spae.
Denition 1.2. The pretangent spae to the spae X at the point a w.r.t.
a normalizing sequene r˜ is the metri identiation of the pseudometri
spae (X˜a,r˜, d˜).
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Sine the notion of pretangent spae is basi for the present paper, we
remaind this metri identiation onstrution.
Dene a relation ∼ on X˜a by x˜ ∼ y˜ if and only if d˜(x˜, y˜) = 0. Then ∼
is an equivalene relation. Let us denote by Ωa := Ωa,r˜ = Ω
X
a,r˜ the set of
equivalene lasses in X˜a under the equivalene relation ∼. It follows from
general properties of pseudometri spaes, see, for example, [11, Chapter 4,
Th. 15℄, that if ρ is dened on Ωa by
ρ(α, β) := d˜(x˜, y˜) (1.2)
for x˜ ∈ α and y˜ ∈ β, then ρ is the well-dened metri on Ωa. The metri
identiation of (X˜a, d˜) is, by denition, the metri spae (Ωa, ρ).
Remark that Ωa,r˜ 6= ∅ beause the onstant sequene a˜ belongs to X˜a,r˜,
see Proposition 1.1.
Let {nk}k∈N be an innite, stritly inreasing sequene of natural num-
bers. Let us denote by r˜′ the subsequene {rnk}k∈N of the normalizing
sequene r˜ = {rn}n∈N and let x˜
′ := {xnk}k∈N for every x˜ = {xn}n∈N ∈ X˜ .
It is lear that if x˜ and y˜ are mutually stable w.r.t. r˜, then x˜′ and y˜′ are
mutually stable w.r.t. r˜′ and
d˜r˜(x˜, y˜) = d˜r˜′(x˜
′, y˜′). (1.3)
If X˜a,r˜ is a maximal self-stable (w.r.t. r˜) family, then, by Zorn's Lemma,
there exists a maximal self-stable (w.r.t. r˜′) family X˜a,r˜′ suh that
{x˜′ : x˜ ∈ X˜a,r˜} ⊆ X˜a,r˜′.
Denote by inr˜′ the mapping from X˜a,r˜ to X˜a,r˜′ with inr˜′(x˜) = x˜
′
for all
x˜ ∈ X˜a,r˜. If follows from (1.2) that after metri identiations inr˜′ pass to
an isometri embedding em′: Ωa,r˜ → Ωa,r˜′ under whih the diagram
X˜a,r˜
in
r˜′−−−−−→ X˜a,r˜′
p
y
yp′
Ωa,r˜
em
′
−−−−−→ Ωa,r˜′
(1.4)
is ommutative. Here p, p′ are metri identiation mappings, p(x˜) := {y˜ ∈
X˜a,r˜ : d˜r˜(x˜, y˜) = 0} and p
′(x˜) := {y˜ ∈ X˜a,r˜′ : d˜r˜′(x˜, y˜) = 0}.
Let X and Y be two metri spaes. Reall that a map f : X → Y is
alled an isometry if f is distane-preserving and onto.
Denition 1.3. A pretangent Ωa,r˜ is tangent if em
′
: Ωa,r˜ → Ωa,r˜′ is an
isometry for every r˜′.
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To verify the orretness of this denition, we must prove that if X˜
(1)
a,r˜′ and
X˜a,r˜′ are two distint maximal self-stable families suh that the inlusions
X˜a,r˜′ ⊇
{
x˜′ : x˜ ∈ X˜a,r˜
}
⊆ X˜
(1)
a,r˜′ (1.5)
hold and em′ : Ωa,r˜ −→ Ωa,r˜′ is an isometry, then em
′
1 : Ωa,r˜ −→ Ω
(1)
a,r˜′ is
also an isometry, where Ω
(1)
a,r˜′ is the metri identiation of X˜
(1)
a,r˜′ . Indeed, it
is lear that if x˜ = {xn}n∈N ∈ X˜a,r˜, y˜ = {yk}k∈N ∈ X˜a,r˜′ and
lim
k→∞
d(yk, xnk)
rnk
= 0,
then there is z˜ ∈ X˜a,r˜ with z˜
′ = y˜. Consequently, sine em′ is an isometry
and diagram (1.4) is ommutative, the mapping inr′ : X˜a,r˜ −→ X˜a,r˜′ is
surjetive, i.e.,
X˜a,r˜′ =
{
x˜′ : x˜ ∈ X˜a,r˜
}
.
Hene, by (1.5), we obtain the inlusionX˜
(1)
a,r˜′ ⊇ X˜a,r˜′. It implies the equality
X˜
(1)
a,r˜′ = X˜a,r˜′ beause X˜a,r˜′ is maximal self-stable. Hene em
′
1 = em
′
and,
so em′1 is an isometry.
These arguments give the following proposition.
Proposition 1.2. Let X be a metri spae with a marked point a, r˜ a nor-
malizing sequene and X˜a,r˜ a maximal self-stable family with orrespondent
pretangent spae Ωa,r˜. The following statements are equivalent.
(i) Ωa,r˜ is tangent.
(ii) For every subsequene r˜′ of the sequene r˜ the family
{
x˜′ : x˜ ∈ X˜a,r˜
}
is maximal self-stable w.r.t. r˜′.
(iii) A funtion em′ : Ωa,r˜ −→ Ωa,r˜′ is surjetive for every r˜
′
.
(iv) A funtion in′r : X˜a,r˜ −→ X˜a,r˜′ is surjetive for every r˜
′
.
Now we introdue an equivalene relation for the lassiation of nor-
malizing sequenes.
Denition 1.4. Let X be a metri spae with a marked point a. Two
normalizing sequenes r˜ and t˜ are equivalent at the point a, r˜ ≈ t˜, if the
logial equivalene
(F˜ is self-stable w.r.t. r˜)⇐⇒ (F˜ is self-stable w.r.t. t˜)
is true for every F˜ ⊆ X˜ with a˜ ∈ F˜ .
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A normalizing sequene r˜ will be alled onuented in a point a if there
exists an one-point pretangent spae Ωa,r˜ (it ertainly implies that all pre-
tangent Ωa,r˜ are one-point).
Theorem 1.1. Let (X, d) be a metri spae with a marked point a and
let r˜ = {rn}n∈N and t˜ = {tn}n∈N be two normalizing sequenes whih are
equivalent at the point a. Then at least one of the following statements
holds.
(i) There is a real number c > 0 suh that
lim
n→∞
rn
tn
= c. (1.6)
(ii) The sequenes r˜ and t˜ are onuented in the point a.
Proof. Suppose that both sequenes r˜ and t˜ are not onuented in a. Then
there are x˜ = {xn}n∈N and y˜ = {yn}n∈N from X˜ suh that
d˜r˜(x˜, a˜) = lim
n→∞
d(xn, a)
rn
> 0 and d˜t˜(y˜, a˜) = lim
n→∞
d(yn, a)
tn
> 0 (1.7)
where a˜ = (a, a, . . . ). If d˜r˜(y˜, a˜) > 0 or d˜t˜(x˜, a˜) > 0, then we obtain
0 <
d˜r˜(y˜, a˜)
d˜t˜(y˜, a˜)
= lim
n→∞
tn
rn
<∞
or, respetively,
0 <
d˜t˜(x˜, a˜)
d˜r˜(x˜, a˜)
= lim
n→∞
rn
tn
<∞,
i.e., Statement (i) holds. Now observe that the equalities
d˜r˜(y˜, a˜) = d˜t˜(x˜, a˜) = 0 (1.8)
lead to a ontradition beause (1.7) and (1.8) imply
0 = lim
n→∞
rn
tn
=∞.
Thus if Statement (i) does not hold, then at least one of the sequenes r˜
and t˜ is onuented. We laim that if r˜ or t˜ is onuented, then both r˜ and
t˜ are onuented. Indeed, if r˜ onuented and we have a nite limit
d˜t˜(y˜, a˜) = lim
n→∞
d(yn, a)
tn
6= 0 (1.9)
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for y˜ = {yn}n∈N ∈ X˜. Then d˜r˜(y˜, a˜) = 0 beause t˜ ≈ r˜ and r˜ is onuented
in the point a. Write
y∗n :=
{
yn if n is odd
a if n is even
(1.10)
for every n ∈ N and put y˜∗ := {y∗n}n∈N. Then we obtain d˜r˜(y˜
∗, a˜) = 0. Thus
the family
F˜ := {y˜, y˜∗, a˜}
is self-stable w.r.t. r˜. Sine r˜ ≈ t˜, this family also is self-stable w.r.t t˜.
Consequently there is a nite limit
d˜t˜(a˜, y˜
∗) = lim
n→∞
d(y∗n, a)
tn
.
Hene, by (1.9) and (1.10), we obtain
0 6= lim
n→∞
d(y∗2n+1, a)
t2n+1
= lim
n→∞
d(y∗2n, a)
t2n
= 0.
This ontradition shows that t˜ is onuented if r˜ is onuented.
Hene Statement (i) holds if Statement (ii) does not hold, and the the-
orem follows.
Remark 1.1. It is lear that if there is c > 0 suh that (1.6) holds, then
normalizing sequenes r˜ and t˜ are equivalent at every point a ∈ X .
Proposition 1.3. Let (X, d) be a metri spae with a marked point a. The
following propositions are equivalent.
(i) The point a is an isolated point of the metri spae X.
(ii) Every two normalizing sequenes are equivalent at the point a.
(iii) All normalizing sequenes are onuented in a.
Proof. The impliation (i) ⇒ (ii) and (i) ⇒ (iii) are trivial. To prove
(ii)⇒ (i) suppose that the relation
r˜ ≈ t˜ (1.11)
holds for every two normalizing r˜ and t˜ but there is x˜ = {xn}n∈N ∈ X˜ suh
that lim
n→∞
d(xn, a) = 0 and d(xn, a) > 0 for all n ∈ N. Let x˜
′ = {xnk}k∈N be
an innite subsequene of x˜ with
lim
k→∞
d(xnk , a)
d(xk, a)
= 0. (1.12)
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Write
r˜ := {d(xk, a)}k∈N , t˜ := {d(xnk , a)}k∈N .
Now, by the onstrution, both r˜ and t˜ are not onuented and, moreover,
(1.12) imply that (1.6) does not hold for any c > 0. Hene, by Theorem
1.1, r˜ and t˜ are not equivalent at the point a, ontrary to (1.11). Thus the
impliation (ii)⇒ (i) is true.
If a is not an isolated point of X , then there is a sequene b˜ = {bn}n∈N ∈
X˜ suh that lim
n→∞
d(a, bn) = 0 and d(a, bn) 6= 0 for all n ∈ N. Consider the
normalizing sequene r˜ = {rn}n∈N with rn := d(a, bn). It follows immedi-
ately from (1.1) that d˜r˜(a˜, b˜) = 1 where a˜ is the onstant sequene {a, a, . . . }.
The appliation of Zorn's Lemma shows that there is a maximal self-stable
family X˜a,r˜ suh that a˜, b˜ ∈ X˜a,r˜. Then the metri identiation of the
pseudometri spae (X˜a,r˜, d˜) has at least two points. Consequently we also
have (iii)⇒ (i).
2 Metri spae valued derivatives.
Denition and general properties
Let (Xi, di), i = 1, 2, be metri spaes with marked points ai ∈ Xi and
r˜i = {r
(i)
n }n∈N normalizing sequenes and X˜
i
ai,r˜i
maximal self-stable families
with orrespondent pretangent spaes Ωai,r˜i. For funtions f : X1 → X2
dene the mappings f˜ : X˜1 → X˜2 as
f˜(x˜) = {f(xi)}i∈N for x˜ = {xi}i∈N ∈ X˜1. (2.1)
Denition 2.1. A funtion f : X1 → X2 is dierentiable w.r.t. the pair(
X˜1a1,r˜1, X˜
2
a2,r˜2
)
if the following onditions are satised:
(i) f˜(x˜) ∈ X˜2a2,r˜2 for every x˜ ∈ X˜
1
a1,r˜1
;
(ii)
(
d˜r˜1(x˜, y˜) = 0
)
=⇒
(
d˜r˜2(f˜(x˜), f˜(y˜)) = 0
)
for all x˜, y˜ ∈ X˜1a1,r˜1, where
d˜r˜1(x˜, y˜) = lim
n→∞
d1(xn, yn)
r
(1)
n
, d˜r˜2(f˜(x˜), f˜(y˜)) = lim
n→∞
d2(f(xn), f(yn))
r
(2)
n
.
Remark 2.1. Note that ondition (i) of Denition 2.1 implies the equality
f(a1) = a2.
Let pi : X˜
i
ai,r˜i
→ Ωai,r˜i, i = 1, 2, be metri identiation mappings.
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Denition 2.2. A funtion D∗f : Ωa1,r˜1 → Ωa2,r˜2 is a metri spae val-
ued derivative of f : X1 → X2 at the point a1 ∈ X1 w.r.t. the pair(
Ω˜a1,r˜1 , Ω˜a2,r˜2
)
(or, in short, a derivative of f ) if f is dierentiable w.r.t.(
X˜1a1,r˜1, X˜
2
a2,r˜2
)
and the following diagram
X˜1a1,r˜1 X˜
2
a2,r˜2
Ω˜a1,r˜1 Ω˜a2,r˜2
✲f˜
❄
p1
❄
p2
✲D
∗f
(2.2)
is ommutative.
In this setion we establish some ommon properties of the metri spae
valued derivatives.
Let us show, rst of all, that the metri spae valued derivative is unique
if exists. Indeed, suppose that diagram (2.2) is ommutative with D∗f =
D∗1f and with D
∗f = D∗2f . Let β ∈ Ω˜
1
a1,r˜1
. Sine p1 is a surjetion, there is
x˜1 ∈ X˜
1
a1,r˜1
suh that β = p1(x˜1). Denition 2.1 implies that if β = p1(y˜1)
for some other y˜1 ∈ X˜
1
a1,r˜1
, then
p2(f˜(x˜1)) = p2(f˜(y˜1)).
From the ommutativity of (2.2) we obtain
D∗1(β) = D
∗
1(p1(x˜1)) = p2(f˜(x˜1)) = D
∗
2(p1(x˜1)) = D
∗
2(β),
i.e., D∗1 = D
∗
2.
The following proposition shows that the Chain Rule remains valid for
the metri spae valued derivatives.
Proposition 2.1. Let Xi be metri spaes with marked points ai ∈ Xi
and r˜i normalizing sequenes and X˜
i
ai,r˜i
maximal self-stable families with
orrespondent pretangent spaes Ωai,r˜i, i = 1, 2, 3.
Let f : X1 → X2 and g : X2 → X3 be dierentiable funtions, f w.r.t.
the pair
(
X˜1a1,r˜1, X˜
2
a2,r˜2
)
and g w.r.t.
(
X˜2a2,r˜2, X˜
3
a3,r˜3
)
.
Then the superposition ψ = g ◦ f is dierentiable w.r.t.
(
X˜1a1,r˜1, X˜
3
a3,r˜3
)
and
D∗(ψ) = (D∗g) ◦ (D∗f). (2.3)
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Proof. The dierentiability of ψ is an immediate onsequene of the dier-
entiability of f and g, see Denition 2.1. To prove (2.3) note that
p2 ◦ f˜ = (D
∗f) ◦ p1 and p3 ◦ g˜ = (D
∗g) ◦ p2,
see the following diagram
X˜1a1,r˜1 X˜
3
a3,r˜3
X˜2a2,r˜2
Ωa2,r˜2
Ωa1,r˜1 Ωa3,r˜3
✲ψ˜
❅
❅
❅❘
f˜
❄
p1
❄
p3
 
 
 ✒g˜
❄
p2
❅
❅
❅❅❘
D∗g
 
 
  ✒D∗f
✲D
∗ψ
(2.4)
Consequently we have
p3(ψ˜) = p3 ◦ (g˜ ◦ f˜) = (p3 ◦ g˜) ◦ f˜ = ((D
∗g) ◦ p2) ◦ f˜ =
= (D∗g) ◦ (p2 ◦ f˜) = (D
∗g) ◦ (D∗f) ◦ p1,
that is
p3 ◦ ψ˜ = (D
∗g ◦D∗f)p1.
Hene the diagram
X˜1a1,r˜1 X˜
3
a2,r˜3
Ωa1,r˜1 Ωa3,r˜3
✲ψ˜
❄
p1
❄
p3
✲(D
∗g)◦(D∗f)
is ommutative. The uniqueness of the derivative D∗ψ and Denition 2.2
imply (2.3).
Proposition 2.2. Let (X, d) and (Y, ρ) be metri spaes, a ∈ X and b ∈ Y
marked points in these spaes, and f : X → Y a funtion suh that f(a) = b.
If for every maximal self-stable family X˜a,r˜ ⊆ X˜ there is a maximal self-
stable family Y˜b,t˜ ⊆ Y˜ suh that f is dierentiable w.r.t. the pair (X˜a,r˜, Y˜b,t˜),
then f is ontinuous at the point a.
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Proof. We may suppose that a is not an isolated point of X . Let x˜ =
{xn}n∈N ∈ X˜ be a sequene suh that
lim
n→∞
d(xn, a) = 0 and d(xn, a) 6= 0
for every n ∈ N. Then, by Zorn's Lemma, there is a maximal self-stable
family
X˜a,r˜ ⊇ {a˜, x˜}
where r˜ = {rn}n∈N is a normalizing sequene with rn := d(xn, a) for n ∈ N.
Hene there exists a normalizing sequene t˜ = {tn}n∈N for whih the limit
lim
n→∞
ρ(f(xn), b)
tn
is nite. Consequently we have limn→∞ ρ(f(xn), b) = 0 beause
lim
n→∞
tn = 0.
Hene the funtion f is ontinuous at the point a.
3 Tangent spaes to subspaes of metri spaes
Let (X, d) be a metri spae with a marked point a, let Y and Z be subspaes
of X suh that a ∈ Y ∩ Z and let r˜ = {rn}n∈N be a normalizing sequene.
Denition 3.1. The subspaes Y and Z are tangent equivalent at the point
a w.r.t. the normalizing sequene r˜ if for every y˜1 = {y
(1)
n }n∈N ∈ Y˜ and
every z˜1 = {z
(1)
n }n∈N ∈ Z˜ with nite limits
d˜r˜(a˜, y˜1) = lim
n→∞
d(y
(1)
n , a)
rn
and d˜r˜(a˜, z˜1) = lim
n→∞
d(z
(1)
n , a)
rn
there exist y˜2 = {y
(2)
n }n∈N ∈ Y˜ and z˜2 = {z
(2)
n }n∈N ∈ Z˜ suh that
lim
n→∞
d(y
(1)
n , z
(2)
n )
rn
= lim
n→∞
d(y
(2)
n , z
(1)
n )
rn
= 0.
We shall say that Y and Z are strongly tangent equivalent at a if Y and
Z are tangent equivalent at a for all normalizing sequenes r˜.
Let F˜ ⊆ X˜ . For a normalizing sequene r˜ we dene a family [F˜ ]Y =
[F˜ ]Y,r˜ by the rule
(y˜ ∈ [F˜ ]Y )⇔ ((y˜ ∈ Y˜ )&(∃ x˜ ∈ F˜ : d˜r˜(x˜, y˜) = 0)). (3.1)
Note that [F˜ ]Y an be empty for some nonvoid families F˜ if the set X \ Y
is big enough.
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Proposition 3.1. Let Y and Z be subspaes of a metri spae X and let
r˜ be a normalizing sequene. Suppose that Y and Z are tangent equivalent
(w.r.t. r˜) at a point a ∈ Y ∩ Z. Then following statements hold for every
maximal self-stable (in Z˜) family Z˜a,r˜.
(i) The family [Z˜a,r˜]Y is maximal self-stable (in Y˜ ) and we have the equal-
ities
[[Z˜a,r˜]Y ]Z = Z˜a,r˜ = [Z˜a,r˜]Z . (3.2)
(ii) If ΩZa,r˜ and Ω
Y
a,r˜ are metri identiations of Z˜a,r˜ and, respetively, of
Y˜a,r˜ := [Z˜a,r˜]Y , then the mapping
ΩZa,r˜ ∋ α 7−→ [α]Y ∈ Ω
Y
a,r˜ (3.3)
is an isometry. Furthermore if ΩZa,r˜ is tangent, then Ω
Y
a,r˜ also is tan-
gent.
Proof. (i) Let y˜1, y˜2 ∈ Y˜a,r˜ := [Z˜a,r˜]Y . Then, by (3.1), there exist z˜1, z˜2 ∈
Z˜a,r˜ suh that
d˜r˜(y˜1, z˜1) = d˜(y˜2, z˜2) = 0. (3.4)
Sine z˜1 and z˜2 are mutually stable, y˜1 and y˜2 also are mutually stable.
Consequently Y˜a,r˜ is self-stable. The similar arguments show that [Y˜a,r˜]Z is
also self-stable. Moreover sine
[[Z˜a,r˜]Y ]Z = [Y˜a,r˜]Z ⊆ Z˜a,r˜,
the maximality of Z˜a,r˜ implies the rst equality in (3.2). The seond one
also simply follows from the maximality of Z˜a,r˜. It still remains to prove
that Y˜a,r˜ is a maximal self-stable subset of Y˜ . Let Y˜
m
a,r˜ be a maximal self-
stable family in Y˜ suh that Y˜ ma,r˜ ⊇ Y˜a,r˜. Then [Y˜
m
a,r˜]Z is self-stable and
[Y˜ ma,r˜]Z ⊇ Z˜a,r˜. Sine Z˜a,r˜ is maximal self-stable, the last inlusion implies
the equality [Y˜ ma,r˜]Z = Z˜a,r˜. Using this equality and (3.2) we obtain
Y˜ ma,r˜ = [[Y˜
m
a,r˜]Z ]Y = [Z˜a,r˜]Y := Y˜a,r˜,
i.e., Y˜a,r˜ is maximal self-stable.
(ii) Let α ∈ ΩZa,r˜ and let z˜ ∈ Z˜a,r˜ suh that z˜ ∈ α. It follows from (3.1)
that
[α]Y = {y˜ ∈ Y˜ : d˜r˜(y˜, z˜) = 0}. (3.5)
The last equality implies that funtion (3.3) is distane-preserving. In ad-
dition, using (3.5) we see that
[[α]Y ]Z = α and [[β]Z ]Y = β
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for every α ∈ ΩZa,z˜ and every β ∈ Ω
Y
z,r˜. Consequently funtion (3.3) is bije-
tive. To prove that ΩYa,r˜ is tangent if Ω
Z
a,r˜ is tangent we an use Statement
(ii) of Proposition 1.2 and Statement (i) of the present proposition.
Corollary 3.1. Let Y and Z be subspaes of a metri spae X. Suppose that
Y and Z are tangent equivalent at a point a ∈ Y ∩ Z w.r.t. a normalizing
sequene r˜ and that there exists a unique maximal self-stable (in Z˜) family
Z˜a,r˜ ∋ a˜. Then Y˜a,r˜ := [Z˜a,r˜]Y is a unique maximal self-stable in Y˜a,r˜ whih
ontains a˜.
Proof. Let Y ∗a,r˜ ∋ a˜ be a maximal self-stable family in Y˜ . Then, by Propo-
sition 3.1 (i), [Y ∗a,r˜]Z is maximal self-stable (in Z˜). Sine a˜ ∈ [Y
∗
a,r˜], we have
[Y ∗a,r]Z = Z˜a,r. Hene, by (3.2),
Y ∗a,r = [[Y
∗
a,r]Z ]Y = [Z˜a,r˜]Y = Y˜a,r˜.
Let Y be a subspae of a metri spae (X, d). For a ∈ Y and t > 0 we
denote by
SYt = S
Y (a, t) := {y ∈ Y : d(a, y) = t}
the sphere (in the subspae Y ) with the enter a and the radius t. Similarly
for a ∈ Z ⊆ X and t > 0 dene
SZt = S
Z(a, t) := {z ∈ Z : d(a, z) = t}.
Write
εa(t, Z, Y ) := sup
z∈SZ
t
inf
y∈Y
d(z, y) (3.6)
and
εa(t) = εa(t, Z, Y ) ∧ εa(t, Y, Z). (3.7)
Theorem 3.1. Let Y and Z be subspaes of a metri spae (X, d) and let
a ∈ Y ∩ Z. Then Y and Z are strongly tangent equivalent at the point a if
and only if the equality
lim
t→0
εa(t)
t
= 0 (3.8)
holds.
Proof. Suppose that limit relation (3.8) holds. Let r˜ = {rn}n∈N be a nor-
malizing sequene and z˜ = {zn}∈N ∈ Z˜ be a sequene with a nite limit
d˜r˜(a˜, z˜) = lim
n→∞
d(a, zn)
rn
.
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To nd y˜ = {yn} ∈ Y˜ suh that
d˜r˜(y˜, z˜) = 0 (3.9)
note that we an take y˜ = a˜ if d˜r˜(a˜, z˜) = 0. Hene, without loss of generality,
we suppose
0 < d˜r˜(a˜, z˜) = lim
n→∞
d(zn, a)
rn
<∞. (3.10)
It follows from (3.7) and (3.8) that
lim
t→0
1
t
(εa(t, Z, Y )) = 0. (3.11)
Inequalities (3.10) imply that there is n0 ∈ N suh that d(zn, a) > 0 if
n ≥ n0. Write for every n ∈ N
tn :=
{
1 if n < n0
d(zn, a) if n ≥ n0.
(3.12)
The denition of εa(t, Z, Y ) implies that for every n ∈ N there is yn ∈ Y
with
d(zn, yn) ≤ εa(tn, Z, Y ) + t
2
n. (3.13)
Put y˜ = {yn}n∈N where yn are points in Y for whih (3.13) holds. Now
using (3.10)(3.12) we obtain
lim sup
n→∞
d(zn, yn)
rn
≤ lim
n→∞
d(zn, a)
rn
lim sup
n→∞
d(zn, yn)
tn
≤ d˜r˜(z˜, a˜) lim sup
n→∞
εa(tn, Z, Y ) + t
2
n
tn
= 0.
Consequently limn→∞
d(zn,yn)
rn
= 0, i.e., (3.9) holds. Similarly we an prove
that for every y˜ ∈ Y˜ with a nite d˜r˜(y˜, a˜) there is z˜ ∈ Z˜ suh that d˜r˜(z˜, y˜) =
0. Hene if (3.8) holds, then Y and Z are strongly tangent equivalent at
the point a.
Suppose now that (3.8) does not hold. More preisely, we shall assume
that
lim sup
n→∞
εa(t, Z, Y )
t
> 0.
Then there is a sequene t˜ of positive numbers tn with limn→∞ tn = 0 and
there is c > 0 suh that for every n ∈ N there exists zn ∈ S
Z(a, tn) for whih
inf
y∈Y
d(zn, y) ≥ ctn = cd(a, zn). (3.14)
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Let us denote by z˜ the sequene of points zn ∈ Z whih satisfy (3.14). Take
the sequene t˜ = {tn}n∈N as a normalizing sequene. Then, by (3.14), we
obtain
lim sup
n→∞
d(zn, yn)
tn
≥ c > 0
for every y˜ = {yn}n∈N ∈ Y˜ . Consequently Y and Z are not strongly tangent
equivalent at the point a.
Consider now the ase where Z = X . Let (X, d) be a metri spae and
let a ∈ Y ⊆ X . If X˜a,r˜ is a maximal self-stable family of sequenes x˜ ∈ X˜
and if Y˜a,r˜ = Y˜ ∩X˜a,r˜, then it is obvious that Y˜a,r˜ is also maximal self-stable
(in Y˜ ) and that there is a unique isometri embedding EmY : Ω
Y
a,r˜ → Ωa,r˜
suh that the following diagram
Y˜a,r˜
in
−−−−−−→ X˜a,r˜
pY
y
yp
ΩYa,r˜
EmY−−−−−−→ Ωa,r˜
(3.15)
is ommutative. Here Ωa,r˜ is a pretangent spae orrespondent to X˜a,r, Ω
Y
a,r˜
is a metri identiation of Y˜a,r˜, pY and p are appropriate metri identia-
tion maps and in(y˜) = y˜ for all y˜ ∈ Y˜a,r˜.
Corollary 3.2. Let (X, d) be a metri spae, let Y be a subspae of X and
let a ∈ Y . The following onditions are equivalent.
(i) An embedding EmY : Ω
Y
a,r˜ → Ωa,r˜ is an isometry for every normalizing
sequene r˜ and for all maximal self-stable families Y˜a,r˜ and X˜a,r˜ with
Y˜a,r˜ ⊆ X˜a,r˜.
(ii) The equality
lim
t→0
εa(t, X, Y )
t
= 0
holds.
(iii) X and Y are strongly tangent equivalent at the point a.
Proof. The equivalene (ii) ⇔ (iii) follows from Theorem 3.1. To prove
(iii)⇒ (i) note that
[X˜a,r˜]Y = Y˜ ∩ X˜a,r˜
14
for every maximal self-stable X˜a,r˜. Consequently (iii) implies (i) beause
mapping (3.3) is an isometry.
Now suppose that the mappings EmY from (3.15) are isometries for all
X˜a,r˜. To prove (i) ⇒ (iii) it is suient to show that for every maximal
self-stable X˜a,r˜ and every x˜0 ∈ X˜a,r˜ there is y˜0 ∈ Y˜ suh that
d˜r˜(x˜0, y˜0) = 0. (3.16)
Let α = p(x˜0). Sine EmY is an isometry, EmY is surjetive. Thus E
−1
mY
(α) 6=
∅. The last ondition and
p−1Y (E
−1
mY
(α)) 6= ∅
are equivalent beause pY also is surjetive. Sine
EmY ◦ pY = p ◦ in
and p−1(α) = {x˜ ∈ X˜a,r˜ : d˜r˜(x˜, x˜0) = 0}, we have
∅ 6= p−1Y (E
−1
mY
(α)) = in−1(p−1(α))
= in−1({x˜ ∈ X˜a,r˜ : d˜r˜(x˜0, x˜) = 0})
= Y˜ ∩ {x˜ ∈ X˜ : X˜ : d˜r˜(x˜0, x˜) = 0},
that implies (3.16) with some y˜0 ∈ Y˜ .
Obviously, ondition (ii) of Corollary 3.2 holds if Y is a dense subset of
X . Therefore we have the following.
Corollary 3.3. Let (X, d) be a metri spae and let Y be a dense subspae
of X. Then X and Y are strongly tangent equivalent at all points a ∈ Y , in
partiular, the pretangent spaes to X and to Y are pairwise isometri for
all normalizing sequenes at every point a ∈ Y .
Consider now some examples.
The following result was proved in [6℄. Let X = R or X = C or X =
R+ = [0,∞) and let
d(x, y) = |x− y|
for all x, y ∈ X .
Proposition 3.2. Eah pretangent spae Ω0,r˜ (to X at the point 0) is tan-
gent and isometri to (X, d) for every normalizing sequene r˜.
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Using Theorem 3.1 and Proposition 3.2 we an easily obtain future ex-
amples of tangent spaes to some subspaes of the Eulidean spae En. The
rst example will be examined in details.
Example 3.1. Let F : [0, 1]→ En, n ≥ 2, be a simple losed urve in the
Eulidean spae En, i.e., F is ontinuous and F (0) = F (1) and
F (t1) 6= F (t2)
for every two distint points t1, t2 ∈ [0, 1] with |t2 − t1| 6= 1. We an write
F in the oordinate form
F (t) = (f1(t), . . . , fn(t)), t ∈ [0, 1].
Suppose that all funtions fi, 1 ≤ i ≤ n, are dierentiable at a point
t0 ∈ (0, 1) and
|F ′(t0)| =
∣∣∣∣
n∑
i=1
(f ′i(t0))
2
∣∣∣∣
1
2
6= 0.
(In the ase t0 = 0 or t0 = 1 we must use the one-sided derivatives.) We
laim that eah pretangent spae to the subspae Y = F ([0, 1]) ⊆ En at
the point a = F (t0) is tangent and isometri to R for every normalizing
sequene r˜. Indeed, by Proposition 3.1 and 3.2, it is suient to show that
Y is strongly tangent equivalent to the straight line
Z = {(z1(t), . . . , zn(t)) : (z1(t), . . . , zn(t)) = F
′(t0)(t− t0) + F (t0), t ∈ R}
at the point a = F (t0).
The lassial denition of the dierentiability of real funtions shows
that limit relation (3.5) holds with these Y and Z. Hene, by Theorem 3.1,
Y and Z are strongly tangent equivalent at the point a = F (t0).
Example 3.2. Let fi : [−1, 1] → R, i = 1, . . . , n, be funtions suh that
f1(0) = · · · = fn(0) = c where c ∈ R is a onstant. Suppose all fi have a
ommon nite derivative b at the point 0, f ′1(0) = · · · = f
′
n(0) = b. Write
a = (0, c) and X =
n⋃
i=1
{(t, fi(t)) : t ∈ [−1, 1]},
i.e., X is an union of the graphs of the funtions fi. Let us onsider X as
a subspae of the Eulidean plane E2. Then eah pretangent spae X˜a,r˜ to
the spae X at the point a is tangent and isometri to R.
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Example 3.3. Let f1, f2 be two funtions from the preedent example. Put
X = {(x, y) : f1(x) ∧ f2(x) ≤ y ≤ f1(x) ∨ f2(x), x ∈ [−1, 1]},
i.e., X is the set of points of the plane whih lie between the graphs of the
funtions f1 and f2. Then eah pretangent spae X˜a,r˜ to X at a = (0, 0) is
tangent and isometri to R.
Example 3.4. Let α be a positive real number. Write
X = {(x, y, z) ∈ E3 :
√
y2 + z2 ≤ x1+α, x ∈ R+},
i.e., X an be obtained by the rotation of the plane gure {(x, y) ∈ E2 :
0 ≤ y ≤ x1+α, x ∈ R+} around the real axis. Then eah pretangent spae
X˜a,r˜ to X at the point a = (0, 0, 0) is tangent and isometri to R
+
.
Example 3.5. Let U ⊆ C be an open set, let F : U → En, n ≥ 2, be an
one-to-one ontinuous funtion,
F (x, y) = (f1(x, y), . . . , fn(x, y)), (x, y) ∈ U,
and let (x0, y0) be a marked point of U . Suppose that all fi are dierentiable
at the point (x0, y0) and that the rank of the Jakobian matrix of F equals
two at this point. Write
X = F (U), a = F (x0, y0).
Consider the parametrized surfae X as a subspae of En. Then every
pretangent spae ΩXa,r˜ is tangent and isometri to C.
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